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Large Schröder numbers

A000166
Subfactorial numbers

Algebraic generating
function

D-finite generating
function

Av(2413,3142) no fixed points



3 - 4

Separable
Permutations

Derangements

A006318
Large Schröder numbers
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Theorem (Brignall, Huczynska, Vatter 2007)

Given a class of permutations C with only finitely many simple permutations and some “nice”
property P, the generating function for the set of permutations in C satisfying P is algebraic.

Definition

A permutation π is simple if it has no non-trivial intervals; i.e. [a, b] ⊂ [1, n] such that
{π(i) : a ≤ i ≤ b} is contiguous.

2143 2413
not simple simple
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Theorem (Brignall, Huczynska, Vatter 2007)

Given a class of permutations C with only finitely many simple permutations and some “nice”
property P, the generating function for the set of permutations in C satisfying P is algebraic.

Separable permutations: only finitely many simple perms (1, 12, 21)

Derangements: not a “nice” property
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Epoch AI

Hey math researchers! We want really hard math problems
to test AI models against. Can you help us?

Vince Vatter

Sure! I wonder if enumerating separable derangements
would make for a good problem. Let me compute some
terms.

Vince’s Computer

The first few terms are 0, 1, 2, 7, 30, 124, 560, 2610,
12470, . . . . These are not in the OEIS.

Interesting, let me ask Jay to compute some more terms
and see if he finds anything.

Vince Vatter
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Michaela Polley

We still don’t have anything, I’ll pose it as an open problem
for our working group.

Robert Dougherty-Bliss, Alejandro Galvan, David Shuster

We want to think about this too! Let’s work together and
see what we can come up with.

(intense mathing by Michaela, Robert, Alejandro, and David)
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Given a set of permutations C, the diagonal generating function for C is given by

C(x, q) =
∑︂

a(n, k)xnqk

where a(n, k) is the number of permutations in C of length n that have at least one point on
diagonal k.

n

−k

k
0
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A new bivariate generating function

Example

Let C =
⋃︂
n∈N

Sn.

x1q0 x2q0 x3q0 x3q0 x3q0 x3q0

x2q−1 x3q−1 x3q−1 x3q−1

x3q−2 x3q−2

x2q1 x3q1 x3q1 x3q1

x3q2 x3q2

C(x, q) = q0x1 +
(︁
2q−1 + q0

)︁
x2 +

(︁
2q−2 + 3q−1 + 4q0 + 3q1 + 2q2

)︁
x3 + . . .
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WARNING

The diagonal generating function for C is NOT a refinement of the ordinary
generating function for C

1 1 12 2 23 3 3

C(x)

all permutations
in C

TH
E PL

AN

C(x, 0)

permutations in
C with a fixed

point

derangements in C
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Detour: Separable Permutations

Theorem (Bose-Buss-Lubiw 1993)

The separable permutations (i.e. those that avoid 2413 and 3142) are precisely those that can be
recursively decomposed as sums and skew-sums of smaller permutations.

T T ⊕ T ⊖
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Conjecture

This sequence is not D-finite.
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